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Ferroelectrics are crystalline inorganic materials consisting of domains with diﬀerent directions of spontaneous polar-
ization. By application of suﬃciently high electric ﬁelds, these domains can switch into a common direction, thus making
the material piezoelectric. Due to ferroelasticity, the domains can be also switched into diﬀerent states by the application of
mechanical stress. In polycrystalline materials, as used in most applications, electric and stress ﬁelds interact so as to main-
tain compatibility. We study the inﬂuence of grain-to-grain interactions on the overall and local switching behavior and in
particular the induced stresses inside grains and across grain boundaries. The behavior inside each grain is represented by
the single-crystal model of [Huber, J.E., Fleck, N.A., Landis, C.M., McMeeking, R.M., 1999. A constitutive model for
ferroelectric polycrystals. Journal of the Mechanics and Physics of Solids 47 (8), 1663–1697] and the polycrystal response
is obtained through a two-dimensional multi-grain model in which grains are represented individually. We investigate the
eﬀect of random grain orientations, both in the plane of consideration and in three directions, and compare plane strain
with plane stress conditions. It is found that the overall piezoelectric response under electric loading is not dependent only
on the intra- and intergranular stresses in the plane but is also signiﬁcantly aﬀected by stresses in through-thickness
direction.
 2006 Elsevier Ltd. All rights reserved.
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A range of device applications, such as actuation and sensing, are based on the piezoelectric or the inverse
piezoelectric eﬀect. Ferroelectric ceramics such as lead zirconate titanate (PZT) are employed in devices0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.07.024
* Corresponding author. Tel.: +31 50 3638046; fax: +31 50 3634886.
E-mail address: E.van.der.Giessen@rug.nl (E. Van der Giessen).
A. Haug et al. / International Journal of Solids and Structures 44 (2007) 2066–2078 2067because of their high piezoelectric coupling coeﬃcient. These polycrystalline ceramics are not piezoelectric
after sintering, since the remanent polarization is zero after processing and the piezoelectric coeﬃcients depend
linearly on the remanent polarization (Jaﬀe et al., 1971). However, the application of stress and electric ﬁeld
can change the state of the remanent polarization and thus the device performance.
In order to calculate the device performance a nonlinear constitutive law needs to be employed, for which a
number of proposals can be found in the literature. They diﬀer in the level of representation of the material
microstructure. The phenomenological models of Landis (2002), McMeeking and Landis (2002), Cocks and
McMeeking (1999), Kamlah and Tsakmakis (1999), Haug et al. (2003) are completely macroscopic and do
not explicitly account for any microstructure. On the other hand, the phase-ﬁeld models of Wang et al.
(2004) and Zhang and Bhattacharya (2005) represent the motion of the domain walls in detail but do not
yet allow to compute the performance of a polycrystalline ferroelectric. The model proposed by Huber
et al. (1999) for a single crystal sits in between these two classes of models, and involves a ‘smeared-out’ rep-
resentation of the domain structure.
On the basis of this single-crystal model the response of a polycrystal can be computed by a Taylor like
approach, a self-consistent calculation or by implementing it into a multi-grain model where grains are
described explicitly by regions of diﬀerent crystallographic orientations Kamlah et al. (2005) and Haug
et al. (in press). Which one of these models is adopted depends on the desired resolution of the ﬁelds inside
the material. Only the multi-grain model provides information about the inter- and intragranular stresses,
which are central to reliability. This is the model we consider here.
Whatever the material model, in order to minimize time and cost, computations of, for example, the device
performance are carried out in two dimensions (2D), by assuming either plane stress or plane strain condi-
tions. This eliminates the geometrical three dimensionality of the problem but retains the fact that each indi-
vidual crystal is a three-dimensional (3D) entity. One way to resolve this is to study 2D model polycrystals
with a planar crystallography (as pioneered in crystal plasticity by, e.g., Asaro (1983) and Pierce et al.
(1984)) or to leave the 3D crystals be subjected to 2D deformations. A special case in the latter approach
is to have all grains share the same direction normal to the plane of consideration. These issues also arise
in crystal plasticity models, where they have been investigated to a good extent, but the eﬀect of the dimen-
sional reduction in ferroelectric modelling has not been attempted at all.
In this paper, we investigate the inﬂuence of plane stress versus plane strain on the overall response, as well as
the eﬀect of the way in which a random 2D polycrystal of 3D grains is constructed. In doing so, we emphasize
how the grain–grain interactions aﬀect the distributions of strain, polarization and stresses inside the grains.2. Single crystal model
The model we use for a single crystal is described in detail by Huber et al. (1999). Each grain is considered
to comprise a number of diﬀerent domains, corresponding to the possible directions of spontaneous polariza-
tion. In the case of a tetragonal system (e.g. tetragonal perovskite, BaTiO3) six domains (M = 6), or variants,
are possible. The relative size of a domain, I, is characterized by its volume fraction cI 2 [0,1]. Note that we do
not explicitly account for the geometry of the domains inside the crystals, but use a ‘smeared out’ represen-
tation instead. It is further assumed that in each domain the strain eij and the electrical displacement Di are
composed of a linear part (superscript L) and an independent remanent part (superscript R) where the rem-
anent part of the electrical displacement is the remanent polarization, PRi . After averaging both parts over all
domains, the total response, in terms of stress rkl and electric ﬁeld Ek, is written aseij ¼ eLij þ eRij ¼
XM
I¼1
cI sEðIÞijkl rkl þ dðIÞkijEk
h i
þ
XM
I¼1
cIeRIij ; ð1Þ
Di ¼ DLi þ DRi ¼
XM
I¼1
cI ½dðIÞiklrkl þ jrðIÞik Ek þ
XM
I¼1
cIPRIi : ð2ÞHere, sEðIÞijkl is the elastic compliance tensor of domain I at constant electric ﬁeld, d
ðIÞ
kij its piezoelectric tensor, and
jrðIÞik the dielectric permittivity tensor at constant stress.
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involve N =M(M  1) = 30 switching systems. With f a denoting the volume fraction of switching system
a 2 [1,N], its rate of change uniquely determines the rate of change _cI of domain I’s volume fraction according
to_cI ¼
XN
a¼1
AIa _f a; I ¼ 1; . . . ;M ; ð3Þwhere the matrix AIa is populated with 0’s and ±1’s. These rates govern the evolution of remanent strain and
remanent polarization through the rate equations_eRij ¼
X
a
_f alaijc
a; _PRi ¼
X
a
_f asai P
a; ð4Þwhere ca and Pa are the characteristic strain and polarization of switching system a, respectively. Like in crys-
tal plasticity, lij ¼ 12 ðsinj þ sjniÞ is the Schmid tensor with si the unit direction of polarization and ni the unit
normal on the switching plane.
Switching is governed by the thermodynamic driving force Ga, which is dual to _f a in the dissipative work
rate and is given by (Huber et al., 1999)Ga ¼ rij lijca þ
1
2
X
I
AIa sEðIÞijkl rkl þ dðIÞkijEk
h i !
þ Ei sai P a þ
1
2
X
I
AIa dðIÞiklrkl þ jrðIÞik Ek
h i !
: ð5ÞFor numerical convenience, we adopt a power-law relation between the driving force and the incremental
volume fraction (Huber and Fleck, 2001),_f a ¼ _f 0
Ga
Gac
 m
cI
c0
 1=k
; for Ga > 0;
0; for Ga < 0:
8<
: ð6ÞHere, Gac is the critical value for switching on system a; _f 0, m and k are model constants (I speciﬁes the domain
from which transformation a starts). The last factor in Eq. (6) enforces the limits of switching: when domain
type I is depleted, i.e. cI = 0, it can no longer contribute to further switching; c0 is the volume fraction of each
variant in the unpoled state. The condition (6) renders the overall response rate dependent, but a value of
m = 20 has been found in Haug et al. (in press) as a good compromise between limited rate sensitivity and
computing time. To improve numerical stability, a forward gradient method is used following (Pierce et al.,
1984). Further details on the governing equations and numerical implementation can be found in Haug
et al. (in press).3. Multi-grain model
Although homogenization schemes such as the self-consistent method (Huber et al., 1999) can describe the
overall response of ferroelectric polycrystalline materials quite accurately, they are limited in picking-up the
stress ﬂuctuations inside grains (Haug et al., in press). To capture the interactions between adjacent grains
in detail, we adopt the multi-grain model proposed in Haug et al. (in press) in which a polycrystal is repre-
sented by an aggregate of discrete grains (cf., e.g., Van der Giessen and Tvergaard (1994)). In the 2D studies
here, the grains are assumed to be hexagons. Grain boundaries are simply lines along which the crystal ori-
entation changes discontinuously; mechanical and electrical displacement, traction and charge are continuous
across grain boundaries. Each grain is meshed with a grid of triangular ﬁnite elements, reﬁned near grain
boundaries, as illustrated in the inset of Fig. 1.
Adopting the multi-grain concept, a rectangular piece of polycrystalline material, representing a typical
experimental setup, is considered (Fig. 1). The electrical potential, /, has the value Eapp/h on the top and
its value is zero on the bottom. On the lateral sides D1 = 0 to decouple the material from the surrounding area.
The displacement in x3-direction, u3, of the nodes on the bottom is zero and the left corner node is also ﬁxed in
the x1-direction in order to prevent rigid body motion. All other sides are traction free, ti = 0 (i = 1, 3).
wh
t=0
Q=0
it=0
Q=0
i
t =0 =01 φ1
3
t =0 =-E h1 appφ
Fig. 1. Deﬁnition of multi-grain model with boundary conditions.
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study the eﬀect of stress triaxiality, either plane strain (e2i = 0) or plane stress (r2i = 0) conditions are assumed
(i = 1, 3).
4. Results
Results are presented for samples comprising 187 grains, each discretized by 72 triangular elements. The
values of the modelling parameters for the switching systems as well as the material constants with respect
to crystallographic axes can be found in Table 1 of Huber et al. (1999). In each grain, the global components
sEðIÞijkl , d
ðIÞ
ijk , j
rðIÞ
ik , lij and si are computed from its orientation, as speciﬁed by the Euler angles (/g,hg,wg). Two
types of orientation distributions are considered. In one of these, the Euler angles are generated at random: the
so-called 3D grain orientation. From these, 2D grain orientations are constructed such that the normals of the
switching systems are pointing in the x2 direction, i.e. hg = wg = 0; this leaves only the rotation /g about the x2
axis as a random variable. Thus, by construction, both 3D and 2D grain orientations are nominally isotropic
in the x1–x3 plane. In the same spirit, all six domains are assumed to be equally present in each grain by taking
their initial volume fractions equal to cI = c0 = 1/6. The parameters used in (6) are m = 20, k = 0.6,
_f 0 ¼ 0:4 s1, while the loading rate is _Eapp ¼ 5:56E0 _f 0.
Macroscopic as well as microscopic results are presented. The microscopic values are given at the integra-
tion stations as averages over 14 diﬀerent realizations. Macroscopic results are presented for individual real-
izations in terms of the macroscopic electric displacement Dmac, calculated as the total charge on the top
divided by the area w of the top surface, and the macroscopic strain emac in the three-direction, computed from
the average displacement u3 along the top of the sample divided by the cell height h.
All results are normalized by D0, E0, c0 or s0; D0 and E0 are the values at the onset of switching for purely
electrical loading; similarly, c0 and s0 mark the start of switching under purely mechanical loading (Huber
et al., 1999; Haug et al., in press).
4.1. Eﬀect of stress triaxiality
As shown in Eqs. (5) and (6), switching is initiated by an electric ﬁeld and/or mechanical stress. A planar
problem evidently is less rich in possible stress states than a full 3D problem. Nevertheless some insight in the
eﬀect of stress triaxiality can be obtained by comparing plane strain with plane stress situations, since the for-
mer induces stresses in the through-thickness direction. The comparison will ﬁrst be carried out for identical
2D grain orientations.
The predicted hysteresis and butterﬂy loops during cycling between ±4E0 exhibit the typical features of fer-
roelectrics, see Fig. 2. Upon initial loading only a dielectric response occurs. At the onset of nonlinearity there
is an increase in electric displacement due to the appearance of remanent polarization, which is accompanied
by remanent strain. Once the volume fractions are depleted or a complex stress state has developed such that
Ga = 0, no further increase in remanent components occurs and the material response is linear again.
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Fig. 2. Comparison of the macroscopic response to cyclic electric loading as predicted for a case of 2D grain orientations under plane
strain (red) and plane stress (black) conditions in terms of (a) electrical response (hysteresis loop) and (b) mechanical response (butterﬂy
loop).
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curve for the plane stress calculation has an additional dent compared with the plane strain calculation. The
onset of linear behavior during switching occurs at about the same applied electric ﬁeld, but at a somewhat
diﬀerent macroscopic electric displacement. The slope in the post-poling linear regime is somewhat higher
for plane strain during loading. However, during unloading the slopes compare very well. Since the slopes
are diﬀerent, one deduces that mild switching still occurs in the post-poling stage even though the macroscopic
response appears linear.
Except for the qualitative shape, the butterﬂy loops in Fig. 2(b), are quite diﬀerent for plane strain and
plane stress. Signiﬁcantly larger strains develop in the plane stress calculation. After the material has been
poled (Eapp/E0 = 0), the strain under plane stress is roughly a factor 1.6 larger than under plane strain. How-
ever, the strain diﬀerence during cycling (diﬀerence between tip and top of the wing) is slightly smaller for the
plane stress calculation.
In order to gain more insight in the origin of the diﬀerences seen under the two planar conditions, the
microscopic response is investigated. For this purpose, we analyze the values of eR33, P
R
3 , r33 and e33—all in
the direction of the applied ﬁeld—at the peak applied electric ﬁeld of 4E0. Histograms of the diﬀerent values
at all integration stations are plotted in Figs. 3 and 4.0 0.5 1 1.5 2
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Fig. 3. Frequency distributions of (a) eR33=c0, (b) P
R
3 =D0 and (c) e33/c0 at Eapp = 4E0 for a set of 14 diﬀerent realizations of 2D grain
orientations under plane strain (red) and plane stress (black) condition. The dashed-dotted lines in (c) indicate the median of e33/c0.
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Fig. 4. (a) Frequency distribution of r33/s0 at Eapp = 4E0 for 14 diﬀerent realizations of 2D grain orientations. The spatial distribution for
one particular realization is shown in (b) for plane stress and in (c) for plane strain.
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directly from the orientation dependence of these quantities through Eq. (4), as will be discussed subsequently.
We note that the peaks of the plane stress results are shifted to higher values and are more pronounced. The
total strain histograms in Fig. 3(c) show a unimodal distribution for both calculations, but again the plane
stress calculation gives rise to the higher values (cf. Fig. 2). A Gaussian-like distribution is found for the stress
in the direction of the applied ﬁeld, Fig. 4, with plane strain giving a slightly higher peak. This can be con-
ﬁrmed by the contour plots of r33 in Fig. 4. High compressive and tensile stresses are found most frequently
near the grain boundaries. The location of these regions of high stress is roughly the same for both calcula-
tions, but the regions are larger for the plane stress calculation.
To explore the bimodal distribution of the remanent quantities, the grain orientation dependence of the
remanent strain for the same realization as in Fig. 2 is plotted in Fig. 5 (note that multiple data points per
orientation correspond with the number of integration points per grain). The contributions of grains whose
orientation aligns with the global coordinate system, /g = 0mod90, are highest, while those at
/g = 45mod90 are lowest. The bimodal distribution is a direct consequence of the slope of the sinusoidal
curves in Fig. 5: regions near the peaks and valleys with a low slope give a relatively large contribution to
the distribution function. The main diﬀerence between the results in Fig. 5(a) and (b) is that the plane stress
orientation dependence follows a sinusoidal cap more closely, thus yielding the highest frequency of the peak
values of eR33, cf. Fig. 3(a).0 90 180 270 360
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Fig. 5. Remanent strain eR33=c0 inside the grains versus their orientation /g under (a) plane stress (black) and (b) plane strain (red)
conditions at Eapp = 4E0 for one realization with 2D grain orientations (i.e. one of the cases included in Fig. 3(a)). The blue curves are the
caps of a sine curve, drawn as envelops for the peaks of the scatter plots.
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Although the problem deﬁnition in Fig. 1 is planar, the crystals are three-dimensional crystals. In the sec-
tion above as well as in Haug et al. (in press), we have considered a special orientation where the normals to
the switching systems were pointing in the x2 direction, normal to the plane of view. In this subsection, we
compare the results with the random 3D grain orientations, which lead to yet diﬀerent stress and therefore
switching states. The same 3D grain orientation is used for the plane strain and for the plane stress calculation,
and the results of both are compared with the calculations from the last section.
First, in Fig. 6, we demonstrate that the internal electric ﬁeld is aﬀected by the diﬀerent grain orientations.
The magnitudes of the electric ﬁeld are in the same range, but with diﬀerent spatial distributions. In both
calculations the highest and lowest ﬁelds can be found along the grain boundaries.
To further investigate the eﬀect of the three-dimensionality of the grain orientation distribution,
macroscopic and microscopic responses for corresponding grain orientation types are plotted for plane strain,5.17
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Fig. 6. Distribution of E3/E0 at Eapp = 4E0 for a case with (a) 2D grain orientations and (b) 3D grain orientations.
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Fig. 7. Macroscopic response predicted for polycrystals with 2D grain orientations (full line) versus 3D grain orientations (dashed line)
under plane strain conditions. (a) Electrical response (hysteresis loop) and (b) mechanical response (butterﬂy loop).
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Fig. 8. Frequency distributions of (a) eR33=c0, (b) P
R
3 =D0, (c) e33/c0 and (d) r33/s0 at Eapp = 4E0 for 14 realizations of 2D grain orientations
(full line) and 3D grain orientations (dashed) under plane strain. The vertical dash-dotted lines in (c) indicate the median of e33/c0 of the 2D
grain orientation while the dash-double-dotted line indicates the same for the 3D grain orientation.
A. Haug et al. / International Journal of Solids and Structures 44 (2007) 2066–2078 2073Figs. 7 and 8, and for plane stress separately, Figs. 9 and 10. Note that the colour coding (black for plane
stress, red for plane strain) corresponds with Figs. 2 and 3.
Fig. 7 demonstrates that the hysteresis loop is not changed much when allowing for 3D grain orientations.
In contrast, the mechanical response is much more sensitive. The tails of the butterﬂy loops coincide, but for
any other value of the applied ﬁeld, the induced strain is smaller than when only 2D orientations are
accounted for. As was shown in Fig. 3, remanent strain and polarization show a bimodal distribution for cases
with a 2D grain orientation. These distinct shapes of the histograms vanish for the 3D grain orientation, as is
demonstrated in Fig. 8. The maximum and minimum remanent parameters are smaller for the 3D grain ori-
entation. The reduction is so strong that even elements with no remanent strain occur. The unimodal strain
histogram in Fig. 8(c) has a higher peak for the 3D grain orientation and, in addition, is narrower. This is
attributed to the grain–grain constraints being stronger as there are more possibilities for orientation mis-
match. The histograms of the normal stress in loading direction are basically identical (Fig. 8(d)).
Next, the results for plane stress are shown in Figs. 9 and 10. Again there essentially is a diﬀerence only in
the butterﬂy loop, which now seems to be just shifted down without a change in shape. Except for the range of
remanent parameters, the eﬀect of three dimensionality of grain orientation, seen in Fig. 10, is qualitatively
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Fig. 9. Comparison of the macroscopic response predicted for a 2D grain orientation (full line) and 3D grain orientation (dashed line)
under plane stress conditions. (a) Electrical response (hysteresis loop) and (b) mechanical response (butterﬂy loop).
2074 A. Haug et al. / International Journal of Solids and Structures 44 (2007) 2066–2078very similar to that found in plane strain (Fig. 8). While the maximum remanent parameters are the same, the
minimum remanent values are smaller for the 3D grain orientation.
5. Discussion and conclusion
The results presented above provide insight in the way the grain orientations and the out-of-plane bound-
ary conditions aﬀect the macroscopic and microscopic response of a ferroelectric polycrystal to an applied
electric ﬁeld. Fig. 11 summarizes the diﬀerences in switching system and out-of-plane stress between the four
diﬀerent types of calculations taking into account the applied electric ﬁeld and the stresses in through-thick-
ness direction. The six variants, diﬀering by the spontaneous polarization, are represented by cuboids. The
connecting lines are the switching systems, one line corresponding to forward and backward switching (thus
making a total of 15 lines, i.e. 30 switching systems). Due to the special 2D crystal orientation only 28 switch-
ing systems can be activated in plane stress (Fig. 11(a)). In plane strain 16 of the 28 switching systems can be
invoked additionally by the stresses in through-thickness direction. Note that only the electric ﬁeld can enable
a 180 switch (those denoted with straight lines). In the case of 3D grain orientations, switching can take place
on all switching systems due the applied electric ﬁeld (Figs. 11(d) and (e)) as well as due to r22 in the case of
plane strain for the 90 switches (curved lines) (Fig. 11(e)). The last column (Fig. 11(c) and (f)) shows that the
histograms of through-thickness stresses for the two types of grain orientations are ‘‘Gaussian’’-like. The stres-
ses counteract the switching process and thus the stress distribution represents a combination of the plane
strain condition and switching behavior. The fully coupled switching state of Fig. 11(e), associated with a
3D grain orientation, is seen to lead to a broader distribution, involving both compressive and tensile stresses.
The eﬀect of the three-dimensionality of the polycrystalline aggregate is highlighted in Fig. 12 by comparing
the poling curves with those for a single crystal, aligned with the global axes (/g = hg = wg = 0). The chosen
critical value of switching, GCa , leads to distinct regions (vertical lines) in the plane stress single crystal curve.
The strain accumulation in the 180 switching region is attributed only to the change in piezoelectric proper-
ties, whereas in 90 switching the strain change is larger due to the shape change of the unit cell. The slope in
the post poling regime of the emac versus Eapp curve in Fig. 12(b) is equal to the dielectric constant, indicating
that switching is completed. Similar regions can be identiﬁed in the plane strain single crystal curve. However,
what seems to be a linear regime in the post poling regime under plane strain is in fact a 90 switching region
since the slope is diﬀerent. The through-thickness stresses which hinder switching are responsible for the
expanding 90 zone. The presence of diﬀerent grain orientations as well as the grain-to-grain interactions lead
to a smeared out version of the curve for the polycrystal under plane stress. Stresses in through-thickness
direction impede the development of a distinct 90 switching region for the plane strain calculation.
The macroscopic electric response of all calculations compares well (cf. Figs. 2, 7 and 9), except for the mac-
roscopic electric displacement at the onset of linear behavior. This is attributed to diﬀerences during poling, as
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Fig. 10. Frequency distributions of (a) eR33=c0, (b) P
R
3 =D0, (c) e33/c0 and (d) r33/s0 at Eapp = 4E0 for 14 realizations of 2D grain orientations
(full line) and 3D grain orientations (dashed) under plane stress conditions. The dash-dotted and dash-double-dotted lines in (c) indicate
the median of e33/c0 of the 2D and 3D grain orientation, respectively.
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ical response, however, are much more pronounced, and to highlight this the macroscopic mechanical
response is re-plotted in Fig. 13(a). For all four cases, the response during cycling, taking the poled state as
reference, is presented in Fig. 13(b).
The observations of Fig. 11 are consistent with the results in Fig. 13(a). The more complex the switching
state (i.e., plane strain, 3D grain orientations), the lower the macroscopic strain. The most complex switching
state is (e) followed by (d), (b) and (a) in Fig. 11. It is interesting to note that (b)—2D, plane strain—and (d)—
3D, plane stress—lead to quite similar macroscopic strains. The ﬁgure obviously pertains to only two speciﬁc
cases, but additional realizations have conﬁrmed the above conclusion. The strain responses during cycling
from the poled state (Fig. 13(b)) compare well, except for the 2D grain orientation/plane strain case, (b) in
Fig. 11. Thus during poling, the material response is very susceptible to the complexity of the switching state,
i.e., plane condition and crystal orientation. After poling, when the domains are arranged, the material
response is much less dependent on the complexity of the switching state, not regarding case (b).
Ferroelectric switching is a volume conserving process where the crystals elongate in the direction of the
applied ﬁeld and contract perpendicular to it, cf. Eq. (4) for a stress free state. In the macroscopic strain
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2076 A. Haug et al. / International Journal of Solids and Structures 44 (2007) 2066–2078response observed in experiments (Hwang et al. (1995)), the remanent strain is found to be the major contri-
bution. In plane strain, the remanent strain in out-of-plane direction needs to be compensated by linear
strains, Eq. (1), which lead to through-thickness stresses to balance the contraction. These stresses couple back
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A. Haug et al. / International Journal of Solids and Structures 44 (2007) 2066–2078 2077to the switching behavior so that switching in the applied direction is retarded. It is important to note that the
plane strain assumption may over-constrain the system, so that the stresses in through-thickness direction may
be strongly overestimated. This, together with a purely 2D grain orientation may lead to signiﬁcant quantita-
tive errors in representing a true 3D specimen.
These errors may be particularly relevant for the internal stress, and thus for the assessment of reliability.
Without any stresses present, a sinusoidal line should appear in Fig. 5 due to the periodicity of the 2D grain
orientation symmetry. As reported previously in Haug et al. (in press), compatibility gives rise to regions with
high remanent strain that are under compression and regions with low remanent polarization under tension.
Thus the remanent strain values in the upper half-cycle can only get reduced, and inversely in the lower half-
cycle. Taking the intergranular stress ﬂuctuations into account the sinusoidal behavior is disturbed and the
shown scatter behavior arises ((Fig. 5). Nevertheless an upper envelop persists. The ﬁtted blue line corresponds
to the highest remanent polarization that can be reached. The high out-of-plane stresses do not allow for this
high remanent strain to be reached.
The remanent strain histograms in Fig. 3(a) also display the behavior described in the previous paragraph.
The peaks are wider and lower for the plane strain calculation due to the larger scatter and occur at smaller
remanent values due to the through-thickness stresses. Not only the 2D case but also the inﬂuence of the dif-
ferent switching complexity can be seen in the histograms, cf. Figs. 8 and 10. In the plane stress calculation the
highest remanent parameters are always reached irrespective of the present grain orientation (Fig. 10). For the
3D grain orientation smaller values of remanent parameters occur due to the higher complexity of switching of
case (a) in Fig. 11 compared with case (d). This holds also for the plane strain cases (b) and (e) but there, in
addition, the out-of-plane stresses make switching more complicated so that not such high remanent param-
eters are reached. It is for this reason that the range of remanent parameters in Fig. 8 is shifted to lower values.
The studies in this paper have shown that the special 2D grain orientation tamper the results but are helpful
in understanding the underlying mechanism. The stresses in through-thickness direction are found to be a
more signiﬁcant factor in controlling the overall piezoelectric response than the intra- and intergranular stres-
ses in the plane of view. In 3D polycrystals, however, these macroscopic constraint stresses will be indistin-
guishable from those arising from grain-to-grain interactions.
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